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ABSTRACT 

Motivated by a recent progress in studying the duality-symmetric models of 
nonlinear electrodynamics, we revert to the auxiliary tensorial (bispinor) field 
formulation of the 0(2) duality proposed by us in |hep-th/0110074| , 0303192. 
In this approach, the entire information about the given duality-symmetric sys- 
tem is encoded in the 0(2) invariant interaction Lagrangian which is a function 
of the auxiliary fields V a p, V^g . We extend this setting to duality-symmetric 
systems with higher derivatives and show that the recently employed "non- 
linear twisted self-duality constraints" amount to the equations of motion for 
the auxiliary tensorial fields in our approach. Some other related issues are 
briefly discussed and a few instructive examples are explicitly worked out. 
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1 Introduction 



A wide class of the nonlinear electrodynamics models including the renowned Born-Infeld 
(BI) theory exhibits the on-shell U(N) duality invariance (or a less restrictive discrete 
self-duality) PQ-jH]. Recently, there was a rebirth of interest in the duality-invariant 
theories, including those with higher derivatives (see, e.g., [15]- [20]), in connection with 
the problems of the extended supergravity counterterms. There is the hope that the 
duality symmetry considerations at the quantum level could play the decisive role in 
checking the ambitious hypothesis of ultraviolet fmiteness of M = 8, AD supergravity 
(and/or its higher- dimensional cousins and Af < 8, AD descendants) [T5J dHl fTTj . 

About decade ago, we proposed a new general formulation of the duality-invariant 
theories exploiting the tensorial (bispinor) auxiliary fields [2TJ [22j [23]. In this formula- 
tion, the U (N) or discrete duality symmetries acquire a nice interpretation as the linear 
off-shell symmetries of the nonlinear interaction constructed out of the auxiliary fields. 
These symmetries are broken in the total action, since its free bilinear part is not invari- 
ant. The famous Noether-Gailliard-Zumino (NGZ) constraint [21 [3] is linearized in this 
formalism and, as a consequence, the duality symmetry between the Bianchi identities 
and equations of motion becomes manifest. The basic algebraic equations of motion re- 
late the auxiliary fields to the Maxwell field strengths and, in general, can be solved by 
some recursive procedure. Substituting the solutions for the auxiliary fields back into 
the original action, we obtain the perturbative expansion of the nonlinear Lagrangians in 
terms of the electromagnetic field strengths. In some particular cases of the U(l) duality 
invariant models, the basic equations are reduced to the algebraic equations of the orders 
2, 3 or 4, and it becomes possible to write their solutions (and the eventual actions) in a 
closed form. In particular, the quadratic equation gives rise to the notorious Born-Infeld 
(BI) theory. 

One of the aims of the present paper is to argue that the methods recently proposed 
in [T71 [TBI [T9] for the systematic construction of various duality-invariant nonlinear La- 
grangians are in fact equivalent to our approach [2TI 1221 123] . In particular, "the nonlinear 
twisted duality constraint" of [T71 [TBI [T§] is none other than the equation of motion for our 
bispinor auxiliary field. Realizing this motivated us to return to the original formulation 
in order to see how the latest developments in the duality stuff can be inscribed into its 
framework. 

In Section 2 we review our auxiliary-field formalism for the U(l) (or 0(2)) duality 
symmetric electrodynamics models in the simplest case without derivatives of the field 
strengths. We demonstrate that the model with the simplest quartic auxiliary 0(2) 
invariant interaction ^V 2 V 2 [21] just amounts to the duality-invariant model recently 
discussed, in parallel with the BI theory, in [T7[ [TB] . In our method this model corresponds 
to the auxiliary algebraic equation of the fifth order. We discuss the Legendre-type 
transformation of the scalar variable v = V 2 to the /i representation [23], which simplifies 
both solving the auxiliary equations and constructing the Lagrangians of the duality- 
invariant systems in the standard representation through the Maxwell field strengths. We 
also consider the combined (F, V, fi) representation of these Lagrangians, with both the 
bispinor and the scalar auxiliary fields. The \l or V representations arise after elimination 
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of the appropriate auxiliary field. 

The authors of [T7J [19] studied the duality-invariant theories with higher derivatives. 
In Section 3 we discuss how to treat such theories in the framework of our auxiliary-field 
formulation. Once again, the basic requirement is the 0(2) invariance of the interaction 
which is now constructed out of the auxiliary fields and their derivatives. Though the 
equation for the auxiliary fields contains derivatives, it still can be solved recursively, 
giving rise to various Lagrangians with higher derivatives of the field-strengths F a p, F^^, 
such that the corresponding theories are guaranteed to exhibit duality invariance, with 
the relevant generalized NGZ condition being satisfied. 

In Appendix A we present the precise correspondence between the vector notation 
used in [T7J HHJ [19] and our complex spinor notation. 

In Appendix B we show that the Schrodinger nonlinear constraints [23] (pertinent 
to the Born-Infeld theory as a particular case of duality-symmetric systems) are readily 
reproduced in our approach. 

The Lorentz non-covariant but manifestly 0(2) duality invariant version of our La- 
grangian with auxiliary fields is discussed in Appendix C. 

In the accompanying paper [25J we will analyze, in more detail compared to [22], the 
nonabelian U(N) duality within our tensorial auxiliary field formulation. In the near 
future we also plan to extend this formulation by incorporating scalar coset fields which 
are necessary ingredients of the duality-symmetric supergravities. 



2 Auxiliary variables in nonlinear electrodynamics 
2.1 The standard duality setting 

We use the SL(2, C) spinor representation for the electromagnetic gauge field A a ^ and 
the complex dimensionless Maxwell field strengths F a p and F A g. The general nonlin- 
ear Lagrangian with no derivatives on the field strengths is constructed from the scalar 
quantities <p = F al3 F a(3 = (FF) and <p = (FF) 

L{<p,q>) = -±(<p + q>) + L M (<p,<p). (2.1) 

The physical rescaling of this dimensionless Lagrangian includes the coupling constant / 
of dimension [/] = —2 and the field strengths F, F of the standard dimension 

L{F\F 2 )^j 2 L{f 2 F\f 2 F 2 ). (2.2) 

In the more familiar tensor notation (see Appendix A) the Lagrangian L((p, (p) is 
rewritten in terms of the standard Maxwell field strength F mn and its dual F mn as 
L(<p, <p) = L(t, z), where <p = t + iz and t = \F mn F mn , z = \P mn F mn . 

The nonlinear equations of motion following from (12. ip and the Bianchi identities for 
the field strengths have the form 

E*« ■= diP ap {F) - d^(F) = , (2.3) 

B aa := diF & , - dlF^ = . (2.4) 
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Here, the nonlinear bispinor fields 



dL dL . . 

P ^ = l dF^> P ^ = PaP = (2 ' 5) 

correspond to the standard self-dual and anti-self-dual fields G^ an used in the tensor 
notation (see ( 1A.12I) ). 

The set of equations f l 2 . 3 H and ( 12.4D is covariant under the 0(2) duality transformations 

SuiFa/3 = , SujPa/3 = —uF a /3 , (2.6) 

provided that the nonlinear 0(2) duality NGZ condition [2J [3] for the Lagrangian L is 
satisfied 

F a f)F a ^ + P a /^P a ^ c.c = ^-^-4[^) 2 -^) 2 ]=0. (2.7) 

This condition (which is 0(2) invariant by itself) guarantees the consistency of the 0(2) 
transformations ( 12. 6 p with the definition ( 12. 5p . 

In the on-shell equations (12. 3p . ( 12. 4 j) and the 0(2) transformations ( 12. 6p . the field 
strength F Q/ g and its conjugate are treated as independent complex variables. Off shell 
the field strengths are expressed in terms of the gauge potential A m . It is impossible to 
implement the 0(2) transformations off shell on the single real vector field A m , which 
implies that the total off-shell action cannot possess 0(2) duality invariance. 

Still for the Lagrangians of the duality-invariant systems there exists the partially 
0(2) invariant Gaillard-Zumino (GZ) representation [2] 

L = l -(PF - PF) + 10, <p) = - A G mn F mn + I(t, z) . (2.8) 

Here I (or I) are some 0(2) invariants. This representation can be easily proved by varying 
the general Lagrangian (12.11) with respect to the transformations (12.61) with taking into 
account the NGZ condition (12.71) . which gives 

5L = iu((p - <p) . (2.9) 

This coincides with the variation of the bilinear term in (I2.8p . i.e. the remaining term / 
is indeed duality- invariant. 

The representation (12.81) on its own is not too useful since no systematic way to 
construct the invariants I or I was known0. Such a way is suggested by the formulation 
with the auxiliary tensorial fields. 

2.2 Reformulation through tensorial auxiliary fields 

The basic (F, V A )-representation of the Lagrangian of general duality-invariant system in 
our formalism [2U [23] involves the bispinor field-strengthes F a p and F- h and the auxiliary 



1 This problem actually amounts to solving the nonlinear NGZ condition (|2.7[) . 
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fields V a p and 

£(V,F) = £ 2 (V,F) + E(v,v), (2.10) 
C 2 (V, F) = -(F 2 + F 2 ) + V 2 + V 2 - 2 (V ■ F + V ■ F) . (2.11) 

Here £ 2 {V,F) is the bilinear part through which the Maxwell field strength enters the 
action and E{y, v) is the nonlinear interaction involving only auxiliary fields. We use the 
convenient scalar variables 

v = V 2 , u = V 2 . 
The 0(2) transformations of the involved fields read 

SwV a p = -iuV a p , SuV^ = iuV & p , 5 w u = -2iuv , (2.12) 
5 u F aP = iu(F a p-2V a p), 5 u F &$ = -iu(F &$ -2V 6l$ ). (2.13) 

The Bianchi equation f)2.4p together with the dynamical equation of motion corresponding 
to the Lagrangian (12.101) . 

dtP^V, F) - diP a p{V, F) = 0, (2.14) 
P a p(F, V) = i dC ^ ] = i{F a p - 2V a p) , P {F,V) = [P a p{F,V)) , (2.15) 

constitute the set of equations manifestly covariant under these 0(2) transformations. 
The latter take the more familiar equivalent form just in terms of the variables P a p, F a p 
(c.f. A25D): 

S u Pafi{F, V) = -uF a p , 8 u F a p = uP a p{F, V) . (2.16) 

The full set of the equations of motion associated with the Lagrangian (12. lip , includ- 
ing the algebraic ones for the auxiliary fields V a p, V^, is duality-covariant only under a 
certain restriction on the interaction part E(u, v). This restriction actually amounts to the 
constraint (12. 7p . but looks much simpler and has the obvious group-theoretical meaning. 

The algebraic equations for V a p, V & p are the basic equations of our formalism. They 
arise from varying C(V, F) with respect to V a p , and have the form 

1 OE 

F a p = V a p + = V a p(l + E v ) and c.c. . (2.17) 

Their important corollaries are, in particular, 

(a) V • F — + E v ) , (b) <p = v{\ + E u ) 2 . (2.18) 
The perturbative solution of ( 12. 1 Tf) for functions G or , 



Vap(F) = F a pG((f, 0) , (2.19) 
1 
2 



G{ip, 0) = - — L v = (1 + E u )~ l , (2.20) 
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allows us to construct the nonlinear Lagrangian L(ip, ip) from the Lagrangian C(F, V(F)) . 
Using the relations (l2TT8b ) and ( l2~20j) . one can also express 1/ and .E^ through and L^: 

E »=T^%> v = \^-ZL,f. (2.21) 

In this way, any L{(p, <p) (non-singular in the weak-field limit) can be restored by the 
appropriate function E{v,v). The duality-invariant systems correspond to the special 
choice of E(v, v) . To find out the appropriate restriction on this function, we need to 
rewrite the NGZ condition (12.71) in our formalism. 

Using the definition (I2.15P together with the relations (I2.18P and ( I2.2ip . it is easy to 
find 

F 2 + P 2 = ip{l - 4LJ) = AvE v . (2.22) 
Then the nonlinear NGZ condition f)2.7p is reduced to the linear constraint: 

F 2 + P 2 - F 2 - P 2 = vE v -9E i> = 0. (2.23) 

This is none other than the condition of invariance of the interaction E(u, v) under the 
0(2) transformations (12. 12ft : 

5 W E = 2iu{uE p - vE v ) = . (2.24) 

The general solution of this condition is obviously 

E(v,v)=£(a), a = isv = V 2 V 2 . (2.25) 

Now, taking into account ( 12. 23ft . one can check the 0(2) covariance of the basic algebraic 
equation (12.171) for this particular subclass of the self-interactions E{y, v) . In fact, one can 
reverse the argument and directly deduce f!2.23j) as the necessary and sufficient condition 
of covariance of Eq. (I2.17P under the transformations (I2.12p . (I2.13p . For what follows, 
it will be instructive to rewrite ( 12. 17ft and its conjugate in the form specialized to the 
duality- co variant case 

F aP - V aP = V aP V 2 S a (a) , F &$ - V &$ = V &$ V 2 £ a (a) . (2.26) 

It is now straightforward to reveal how the general GZ representation ( 12. 8ft for the 
Lagrangians of the duality-invariant systems looks in our approach. We rewrite the off- 
shell action (12.101) in the form 

C(F, V) = l -[P(F, V)F - P(F, V)F] + [V 2 - (FV)} + [V 2 - (FV)] + 8{uv) (2.27) 

and observe that the (V, F) analog of the 0(2) invariant function I(<p, (p) defined in (12. 8p 
is given by 

I{V, F) = [V 2 - {FV)) + [V 2 - {FV)) + £{vv) . (2.28) 
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It is manifestly invariant under the duality rotations (I2.12p . (I2.13p . Expressing V a ^,V & o 
in it through F a/ 3,F & A by Eqs. (I2.17p . we obtain the general representation for I((p, (p): 

I((f,<f) = -2a£ a (a) + £ (a) , a = u(<p, <p)v((p, <p) . (2.29) 

The basic (and most difficult) problem of the approach discussed consists in express- 
ing, for the given £ (a), the variable a through the original variables (p and (p. From 
the auxiliary field equation (12.1 8a ) (and its conjugate) one can derive the real algebraic 
equation [23J 

(1 + a£ 2 a Yw = a[(<p + $)£a + (1 - <) 2 ] 2 , (2.30) 

which can be used for this purpose. The general expression for the Lagrangian (I2.10p in 
terms of ip and <p, after the repeated use of the equations (I2.17P and (12.181) . is obtained 
as follows 

L-(„, 9 ) = C(V(F),F) = ~ (g±fl(lzgg±gg + m _ (2 31) 

where a is related to <p, <p by Eq. (12.301) . 

To summarize, all 0(2) duality-symmetric systems of nonlinear electrodynamics with- 
out derivatives on the field strengths are parametrized by the 0(2) invariant off-shell 
interaction of the auxiliary fields £(a) which is a function of the real quartic combination 
of the auxiliary fields. This universality seems to be the basic advantage of the approach 
with tensorial auxiliary fields. The problem of constructing 0(2) duality-symmetric sys- 
tems is reduced to choosing (at will) one or another specific £ (a) . 

After passing to the tensorial notation (see Appendix A), our basic auxiliary field 
equation (I2.26P (proposed more than ten years ago) is surprisingly recognized as the 
"nonlinear twisted self-duality constraint" of Refs. [TTj, Q2J [TJJ] , while the 0(2) invariant 
function £(vv) as the "duality-invariant source of deformation". It should be pointed out 
that in our approach this constraint is by no means postulated but naturally arises as the 
algebraic equations of motion associated with the new off-shell universal Lagrangian (12.101) 
for the duality-symmetric systems, in which E(u, v) = £(vv) . The auxiliary tensorial (or 
bispinor) fields V a ^-,V 6i ^ appearing in (12.101) are entirely unconstrained off shell: there is 
no need to express them, e.g., through the second gauge field or to subject them to any 
other conditions. The final nonlinear self-dual Lagrangian as a function of the Maxwell 
field strengths F a p, comes out as the result of eliminating the tensorial auxiliary fields 
by their equations of motion. 

It is worthwhile here to recall that in [21 El El E] there was developed another approach 
to solving the NGZ constraint (12.71) and restoring the appropriate Lagrangian L(ip,ip), 
based on reducing (12.71) to the Courant-Gilbert nonlinear differential equation. It was 
found that the whole family of the duality-invariant Lagrangians is parametrized by some 
real function of one argument!!. Despite this formal resemblance, there are essential 

2 A similar general conclusion within the perturbative expansion of the duality-invariant Lagrangians 
was achieved in [4]. 



6 



distinctions between this construction and our procedure. In contrast to the former, 
our approach guarantees the analyticity of L(ip, (p). Also, at all steps we make use of the 
algebraic equations, while the approach of [21 [3j [8j [9] exploits the differential equations. 

Finally, we notice that, besides the continuous 0(2) duality, some models of nonlinear 
electrodynamics reveal the so called "discrete duality" or "duality by Legendre transfor- 
mation" [2]. It also has a simple realization in terms of the auxiliary fields [22J: 

V->-iV, V^iV, u^-u, E(v,V) = E(-v,-v). (2.32) 

2.3 Alternative auxiliary field representations 

The representation (I2.3ip together with the algebraic equation (I2.30p in principle solve 
the problem of finding the explicit form of the action of 0(2) duality invariant system by 
a fixed 8(a) in terms of the Maxwell strengths (at least, as a power series in (p and <p). 
However, in practice it is frequently more convenient to deal with the set of the auxiliary 
complex variables fi and p instead of the original ones v and v. These two sets of variables 
are related to each other through the Legendre transformation 

H := E v , p := Ep , E — vE v — uE D := H(fx, p), (2.33) 
v = -H lt> v = -H p E = H — fiH^ — pHp_ . (2.34) 

The function H(/a, p) provides an alternative representation of the nontrivial inter- 
action E 7^ 0. Under the off-shell 0(2) duality the variables fi and p are evidently 
transformed as 

5^11 = 2iufi , Sup = —2iup , (2.35) 
so the 0(2) duality invariance requires 

H(p,ft) = I(b), b = fip. 

From (12331) . (EMD one finds 

8(a) - 2a8 a (a) = 1(b) , a = bl 2 b , b = a8 2 a , 8 a = -(I b )-\ (2.36) 

In order to guarantee the (//, p) -H- (u, v) transform to be invertible, we are led to assume 
that 8 a (a = 0) ^ , h(b = 0) ^ 0, i.e. that 8(a) starts with the term oc a . 

The basic algebraic equations of this representation directly follow from Eq. (12. 18b ) 

(p = -{l + f i) 2 H ll = -(fi + 2b + bfi)I b and c.c. . (2.37) 

They enable expressing /x, p in terms of ip, <p . The equation for the invariant variable b 
also directly follows from (I2.30P and it reads [23] 

(b + l) 2 <p<p = b + <p - I b (b - l) 2 ] 2 . (2.38) 

The relevant expression for the general Lagrangian C(V(F),E) can be easily obtained 
from the expression (12.311) : 

1 1 b 

L sd (^ = + $ + Abl b ) — + 1(b) . (2.39) 
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It is worth noting that one can reproduce the algebraic relations (I2.37P from the new 
Lagrangian with \i as an independent complex auxiliary field: 

Varying (I2.40p with respect to /i, Ji yields just (12.371) . from which one can derive Eq. f!2.38j) 
without any reference to the original z/, v representation. Eliminating /i and ]x from (I2.40p 
in terms of ip, (p and b with the help of (12.371) and its corollary (12.381) . we recover the 
Lagrangian (I2.39p . 

The dual field strength P a p appearing in the nonlinear equation of motion for F a p 
derived directly from the extended Lagrangian (12.401) is as follows 

P afS (F, = 2iFj-^2A = iF . (2.41) 

dip /i + 1 

The consistency of the nonlinear 0(2) transformations, 

SuFap = uP af) , 5 w P a p = -uF a p , (2.42) 

can be easily checked, assuming that the auxiliary variables fi, Jx transform as in (I2.35p . 

The Lagrangian (12.401) provides the convenient off-shell description of the general 
duality-invariant system of nonlinear electrodynamics with an extra complex auxiliary 
field. The free Lagrangian corresponds to the limit fi = , L(ip, 0) = — ~(ip + (p) . 

There also exists a combined representation for the general self-dual Lagrangian, with 
two auxiliary fields, V a p and /i , 

C(F, V, fi) = \(F 2 + F 2 ) - 2{VF) - (VF) + V 2 (l + + (1 + Ji)V 2 + Iijip). (2.43) 

Eliminating the bispinor auxiliary field via its algebraic equation V a/ 3 = F a p/(1 + /i) , we 
come back to the Lagrangian (12.401) . On the other hand, the (/z, /i) equations give us just 
the relations (12.341) between v = V 2 , v = V 2 and \i , Ji 

v + fil b = 0, u + fMh^O. (2.44) 

The equations for fi(u, v) can be solved recursively in the general case and explicitly for 
some special functions h, thus yielding the original (F, V) representation. 

2.4 Examples 

/. Born-Infeld model. The classical example of the 0(2) duality invariant model of non- 
linear electrodynamics is the renowned Born-Infeld theory. In our approach it has a more 
simple description in the /i (or b) representation. The corresponding function 1(b) is as 
follows 

/»(6) = ^ I , /i"--^. P.45) 
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The equation (12.38)) becomes quadratic in this case: 

<f(p b 2 + [2ip(p -(ip + (p + 2) 2 ] b + <p<p = Q. (2.46) 
It can be explicitly solved as 



4<p<p 



[2(1 + Q) + <p + <p]< 



Q(<p) = v/l + ^ + ^ + (l/4)(^-^) 2 . (2.47) 



After substituting ( 12.45)) . (12.47)) into ( I2.39j) we recover the standard Born-Infeld La- 
grangian 

L BI (<p, <p) = l- y/l + <p + <p + (l/4)(ip-(p) 2 . (2.48) 

The formulation of the BI theory in the original a (or v) representation is also possible 
but it proves to be much more involved. The original variable a is related to b as 

46 



{I -by 

and for 8(a) one obtains the representation 

S BI (a) = 2h{ ^^ ] = 2[2t\a) + 3t(a) + 1] , (2.49) 

where t(a) is defined by the 4-th order equation 

t 4 + t 3 - (l/4)a = 0, t(u = (p = 0) = -l. 

Solving it, one can find closed expressions for both t(a) and 8 BI (a), but they look not too 
illuminating. Up to the 3d order in a: 

£ BI {a) = l - a -^a 2 + ^ + 0(a 4 ) . (2.50) 

II. The simplest interaction (SI) model. This 0(2) duality invariant model is one of those 

considered in [17] and referred to as the BN model in [18] . It corresponds to the following 
constraint on the Lagrangian L SI ((p,(p) = L BN (t,z) [18J: 

(1 + Lf - ilf ) -\it- iz)(l - If - iiV ) 2 (1 - Lf + zLf ) = . (2.51) 

It can be rewritten through the variables tp, (p as 

(1 + 2Lf ) - 1^(1 - 2Lf ) 2 (1 - 2Lf) = and c.c. , (2.52) 

where we made use of the correspondence 



Using the general relations (12.211) . as well as their corollaries 



1 + 2E 



2E V 



E„ 



2L, 



it is straightforward to rewrite the constraint ( 12. 52ft in terms of v, v and E„, and to find 
that in the new setting this constraint is reduced to the pretty simple condition 



E„ 



1_ 
—v 
2 



E 



si, 



V, V 



1 

-vv 
2 



-V 2 V 2 



1 

- a . 
2 



(2.53) 



Thus the BN model amounts to the simplest choice of the 0(2) invariant auxiliary in- 
teraction function 8(a), the one quartic in the auxiliary tensor fields. This model was 
actually analyzed in detail in our paper [21J as the simplest example of the auxiliary 
interaction generating the non-polynomial self-dual electromagnetic Lagrangian in the F 
representation. The relevant interaction in the 6-representation is also linear, 



I SI (b) = -2b. 



jSI 



-2 



(2.54) 



Despite such a simple off-shell form of the auxiliary interaction, it is hardly possible 
to find a closed on-shell form of the nonlinear Lagrangian L SI (<p,<p), since the algebraic 
equations relating a and b to ip, (p are of the 5-th order. E.g., the equation ( 12.381) becomes 



(b + l) 2 ip(p = b[ip + (p + 2(b-l 



.212 



(2.55) 



Nevertheless, it is straightforward to solve these equations as infinite series in (p, <p and 
then to restore L BN (ip,ip) to any order using the representations H2.31I) or ( 12.391) . In 
the present case it is simpler to solve the coupled set of the algebraic equations for the 
function G((p,0) defined in (I2.20[) : 



G 



<pG 2 



G 



1 



l + \ipG* 



which amounts to the following 5-th order equation for G: 



2(1 + -ipG 2 



G 



2(1 + -ipG 2 



For the variables a and b one gets, respectively, 



(2.56) 



(2.57) 



a = pip G G , b = — a . 



We give the self-dual Lagrangian L b (ip, (p) up to 10-th order in F a/ s and F d A, in parallel 
with the analogous expansion of L BI (ip, ip). To this end, we use the expansion of 6(a) in 
powers of a up to the second order : 



£(a) = e\a + -e 2 a 2 + 0(a 3 ) , £ a = e x + e 2 a + 0(a 2 ) . 



(2.58) 
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Here ei, e 2 , . . . are some real coefficients. All coefficients are non- vanishing for the BI 



model: e± 



2, e 2 



"i,--- [21], whereas all e^ except for t\ = \ are vanishing for the SI 



model. Knowing 8(a) up to the second order in a allows one to uniquely restore L sd (p, ip) 
up to the 10th order in F a/3 , F^: 



(<f + <f) + e\pp - e((ip 2 <p + cpcp 2 ) + ef(<p 3 <p + pp A ) + (Ae\ + ^-e 2 )p 2 p 



1 



.2.-2 



e\(p"(p + y^ 4 ) - (10e 4 + 2 ei e 2 )(^V + p 2 p A ) + 0(F 



-rl2\ 



(2.59) 



The Lagrangian for the BI model corresponds to the choice e± — e 2 = — \ in f!2.59j) (c.f. 
(I2.48P ). while the Lagrangian of the SI (BN) model is reproduced with e x = \, e 2 = . 
The Lagrangians for the BI and BN models as the power series in the tensor variables t 
and z were given in 



III. More examples. In |23j we also considered the following simple ansatz for the one- 
parameter deformation of the BI auxiliary Lagrangian (12. 45p 

2 - cb . 

'• = -(5-I)i- ( 2 - 6 °) 

This ansatz gives rise to some 3-rd order equation for b . The simplest choice is c = 2 , for 
which 

I h = -2/(1 - b) , I{b) = 2 ln(l - b) . (2.61) 

The corresponding ip, <p representation for the Lagrangian involves only one unknown 
function r = Re fi , 



fi = r 



L = -(fx + fl) +21n(l-6) 



(g ~ ^) 2 
16 ' 

= -2r - 2 In 



1 _ r 2 + - 
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(2.62) 



The basic algebraic equation in the /i-representation (I2.38j) is reduced to the cubic equation 
for r: 



r 3 + (2 + t)r 2 + (1 + iz 2 )r - ^ + 1(2 + t)z 2 







(2.63) 



where t = (ip + <p)/2 , z = (<p — <p)/2i (see Eq. (A. 10)). One can explicitly solve Eq. (I2.63H 
using the Cardano formula or stick to its perturbative solution. 

It is easy to obtain the (F, V) representation (I2.10p for the Lagrangian of the consid- 
ered system. The corresponding 0(2) invariant function 8(a) is given by the following 
expression 



8(a) = 2(vT+a-l)-21n 
1 



1 



1 + vTT 



-a —a 2 - -a 3 + 0(a 4 ) 

2 16 6 V ' 
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1 + Vl + a 

In [23] we also studied some duality-invariant systems which require solving the 4-th 
order equations. 
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3 Auxiliary variables in duality- invariant theories 
with higher derivatives 

3.1 Generalities 

The nonlinear electromagnetic Lagrangians with higher derivatives are functions of the 
variables 

F, d m F, d m d n F, d m d n d r F... (3.1) 

and their complex conjugates. Derivatives of the field strengths appear with some coupling 
constants of non-trivial dimensions. The higher-derivative electromagnetic Lagrangians 
in the explicit form involve various scalar combinations of these variables, e.g., 

F\ (d m Fd m F), (d m F 2 d m F 2 ), (FO N F) . (3.2) 

It is known that the higher-derivative generalizations of the duality-invariant Lagrangians 
contain all orders of derivatives of F a/ 3 and F & p [17] [19]. 

The nonlinear equations of motion of such generalized Lagrangians are expressed 
through the Lagrange derivative [I] 

P a p = (G + ) a/ 3 = -(X mn ) a/3 G+ n = i-^-j^p > (3-3) 

d m^nr^K + 9 m d n afa a +... . (3.4) 



AF a P dF a ? m d{d m F^) d(d m d n F a P 

The definition of the 0(2) duality transformations and finding out the appropriate 
Lagrangians which would yield the duality-symmetric systems of equations with higher 
derivatives is a rather difficult task (see, e.g.,[T7J[19])- We propose to tackle this problem in 
the framework of the higher-derivative generalization of our formulation with the auxiliary 
bispinor fields. 

This generalization is accomplished rather straightforwardly: we start from the original 
(F,V) Lagrangian (I2.10p with 0(2) invariant self-interaction £{yv) and allow the latter 
to depend also on the derivatives of auxiliary fields (still keeping invariance under the 
0(2) transformations ([2712])): 

C(F, V, dV, d 2 V, . . .) = C 2 + S(V, dV, d 2 V, . . .) . (3.5) 

Here £2 is the old bilinear part of the Lagrangian (12.111) . By construction, this modified 
Lagrangian admits an analog of the GZ representation (I2.27P 

C(F, V,...) = ~[P(F, V)F - P(F, V)F\ + V 2 - (FV) + V 2 - (FV) + £(V, . . .) (3.6) 
for any S. The equations of motion for this Lagrangian contain the Lagrange derivative 

81(F - 2VU + d$(F- 2V) ap = , (3.7) 
1 AS 

F a p = V a p + ~-^p. (3.8) 
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It is easy to see that this set of equations together with the Bianchi identity (12. 4p is 
covariant under the 0(2) duality transformations (12.131) . (12.121) . provided that £{V,dV) 
is 0(2) invariant, 

5 u £(V,dV,d 2 V,...) = 0. (3.9) 

In the simplest non-trivial case, when the auxiliary interaction depends only on V, V 
and their first derivatives, i.e. £ = £{V, dV) , we have 



A£ 



d£ 



- d„ 



d£ 



Using the definitions 

PapiF, V) = i(F - 2VU , PtfiF, V) = -i(F - 2V)^ 
and Eq. (l3.8p . we obtain the relations 

A£ 



(3.10) 



(3.11) 



P 2 + F 2 = 4( F y) _ 4V 2 = 2V 
2V^J^+2d m V a ^ <>f 



a/3 



dV a P 



d(d m V^) 



AV a P 
-2d„ 



V 



a/3 



d£ 



d{d m V<#) 



(3.12) 



Now we can prove the integral form of the NGZ identity, using the 0(2) invariance of the 
interaction £(V, dV) 

j d 4 x[P 2 (F } V) + F 2 - P 2 (F, V) — F 2 ] = J d 4 x[5 w £ + div] = . (3.13) 

Substituting the solution of Eq. fl3.8j) into this relation, we obtain the nonlinear NGZ 
identity for the original F-representation with higher derivatives. 

The same NGZ identity is valid in the general case, for an arbitrary 0(2) invariant 
auxiliary self-interaction £(V, dV, d 2 V, . . .) . 

Now we turn to the examples. 



3.2 The simplest case 

The simplest real invariant with two derivatives is 



£(V,dV)=p = p^d^div pv cLp = 0. 



(3.14) 



In the tensor representation the same 0(2) invariant reads as p ~ d n V J ^ n d r V rm . The 
relevant equations for V a p and its conjugate are 



F n * = v aP + fadS%Vto , f &p = v. b + ^hdidSYp, , 



i . .-. i 

a P *af) ~ >r c2' x ~P~ a 'PP 1 ~ ap ■ ap ' ^ - 

where b\ is a real constant. These equations have the non-local solution 



1 



/3 



1 - J6?na 



h 
2 



F af3 - ^b4dtF $ . 



(3.15) 



(3.16) 
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The corresponding L(ip,<p) is an extension of the standard Maxwell Lagrangian by nonlo- 
cal higher-derivative terms of the second order in the field strengths F a p, F^z . Although 
such nonlocal modifications of the free bilinear action could appear as duality-invariant 
counterterms in extended supergravities [IT], in what follows we assume that the higher- 
derivative terms appear only at the interaction level, i.e. that the bilinear part of the 
full action still coincides with the standard Maxwell action. Under this natural assump- 
tion, £(V, dV, d 2 V, . . .) contains no terms bilinear in V a p, V^g . The relevant auxiliary-field 
equations can always be solved by recursions, yielding no non-localities in the perturba- 
tive expansions and producing L(ip, (p) in which all higher-derivative terms come out only 
in the interaction part. 

In the remainder of this Section we will present a few specific examples of the duality- 
invariant higher-derivative systems of this type. 



3.3 Auxiliary interaction with two derivatives 

As the first example we consider the simplest quartic mixed interaction with two deriva- 
tives 

£ m = \vv + cd m vd m p, ^ = 2V a p[l + ~9-cOP], (3.17) 

where c is a coupling constant of dimension —2 and □ = d m d m . The auxiliary field 
equation has the form 

F a p = V a p{\ + h- cUP) , DP = 2(V & *nV &$ + d m V^d m V & p) . (3.18) 
The perturbative solution contains the higher derivatives 

V a p - f afi , 

Vaf = -Fap(\<P - cD<p) , 

11 1 1 

- 2cD[<f(-ip - cUtp)]} , etc. (3.19) 

The order of derivatives grows with each next recursion. The self-dual actions in the 
F-representation contains all orders of higher derivatives distributed over terms of all 
orders in the Maxwell field strengths. The perturbative construction of these actions, 
though being quite algorithmic, is much more involved technically as compared to the 
case without derivatives. For our model we obtain, up to terms of 8-th order, 

L(F,d N F) = -i(^ + ^) + I^-I^-^ 2 + c9>^ 

+ ctp(p(n(p + U(p) - cV(D£) 2 - c 2 <p{n<p) 2 + 0{F 8 ) . (3.20) 

The model ( 13.171) can be regarded as the "minimal" higher-derivative deformation of 
the SI (or BN) model of Sect. 3. Similarly, we could choose, as the undeformed £, the 
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interaction (I2.49P corresponding to the BI theory. Adding to it the same term bilinear in 
derivatives as in (I3.17p . we would get the "minimal" higher-derivative duality- invariant 
deformation of the BI theory. 

3.4 Auxiliary interaction with four derivatives 

Simple examples of the duality-invariant systems with higher derivatives were analyzed 
in [TTJ [19] , based on the "nonlinear twisted duality constraint" which is equivalent to our 
auxiliary field equation (13. 8p . 

In our language these systems correspond to the quartic 0(2) invariant interactions 

A 4 = A(d m Vd n V)(d m Vd n V) , B 4 = B(d m Vd m V)(d n Vd n V) , (3.21) 

where A and B are some constants of dimension —4 and brackets denote traces with 
respect to the SL(2, C) doublet indices. 

We consider the construction of the Lagrangian in the F-representation for the model 
A 4 . The basic equation (13. 8p in this case is reduced to 

F af} = V aP - Ad m [d n V aP {d m V ■ d n V)] . (3.22) 

The first two terms in its perturbative solution follows 

V$ = F aP , V® = Ad m [d n F aP {d m F ■ d n F)] . (3.23) 

The corresponding Lagrangian in the F-representation involves higher derivatives, starting 
from the sixth order in fields 

L (6) = (y(3) y (3)) _ 2A[{V {3) d n d m F){d m Fd n F) + {V {3) d m F)d n {d m Fd n F)} + c.c. .(3.24) 

An alternative example of the auxiliary interaction with four derivatives which was not 
considered in [19] reads (just for a change, we use here the tensor notations, see Appendix 
A): 

C 4 = C d n V+ n d r V- mr d p V+d s V- qs . (3.25) 

Here C is a constant of dimension —4 . 

The basic auxiliary equation of this model reads 

F+ mn = y+mn _ 2ClX™d U [d r V~ Vr d P V+d s V~ qS } , (3.26) 

where 

n uv = -^{o u d v -o v d u + ie uv ) (3.27) 

is the projector on the self-dual part. The equation for F~ n can be obtained by complex 
conjugation. The first two terms of the perturbative solution are given by the expressions 

= F+ n , V+W = 2CtCA [8rFZVF+d.F-»] . (3.28) 

The perturbative construction of the Lagrangian in the F-representation is completely 
analogous to the previous cases. 
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4 Conclusions 



In this paper, following and extending our earlier results [21] [23], we presented the ev- 
idence that all duality-invariant systems of nonlinear electrodynamics (including those 
with higher derivatives) admit an off-shell formulation with the auxiliary bispinor (tenso- 
rial) fields. These fields are fully unconstrained off shell, there is no need to express them 
through any second gauge potentials, etc. 

The whole information about the given duality-invariant system is encoded in the 
0(2) invariant interaction function which depends only on the auxiliary fields (or also 
on their derivatives) and can be chosen at will. In many cases it looks much simpler 
compared to the final on-shell action written in terms of the Maxwell field strengths. The 
renowned nonlinear NGZ constraint is linearized in the new formulation and becomes just 
the requirement of 0(2) invariance of the auxiliary interaction. The 0(2) (and in fact 
U(N) [221 [25]) duality symmetry is realized off shell by linear transformations. 

The basic algebraic equations eliminating the auxiliary tensor fields are equivalent to 
the recently employed "nonlinear twisted self-duality constraint" [171 [181 HHJ- In our ap- 
proach this constraint appears as the equations of motion (I2.26p . (13. 8 p associated with the 
well defined off-shell Lagrangians. Based on the relations (1A.24j) - ( 1A.27j) . it is instructive 



here to give the dictionary of correspondence between the notations used in [TS1 [EH] and 
our bispinor notation (up to numerical coefficients) 

K« , Kn) [(F - VU , (F ~ V) &$ ] , (T*+ , T~ n ) & {V aP , V^) , Z« S . 

Let us finish by mentioning a few proposals for the future study. 

First, it is of urgent interest to extend our formulation to the A/" = 1, A/" = 2, . . . 
supersymmetric duality-invariant systems, including supersymmetric Born-Infeld theories, 
in both the flat and the supergravity backgrounds. 

Second, it is desirable to learn how the scalar and other fields can be self-consistently 
inscribed into the framework with the auxiliary tensorial fields. 

Finally, we would like to point out that the formulation with the auxiliary fields sug- 
gests a new view of the duality-invariant systems: it seems natural, in both the classical 
and the quantum cases, not to eliminate the tensorial auxiliary fields by their equations of 
motion beforehand, but to deal with the off-shell actions at all steps. This would as well 
refer to the quantum counterterms which should appear in this approach as corrections to 
the original auxiliary interaction function £ . It is worthwhile here to recall the off-shell 
superfield approach to supersymmetric theories, which in many cases radically facilitates 
the quantum calculations and unveils the relevant intrinsic geometric properties without 
any need to pass on shell through eliminating the auxiliary fields. It is also worth re- 
calling that the tensorial auxiliary fields have originally appeared just within the off-shell 
superfield formulation of M = 3 supersymmetric Born-Infeld theory |21j. 
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A. Spinor and tensor notations in electrodynamics 

We use the Minkowski metric r\ mn = diag(l, —1,-1,-1) and the 2x2 Weyl matrices 



O^, (A.l) 

(a m a n + a n a m f a = 27 1 mn 5? , (A.2) 

a n a s a m = r) ns a m - r) nm a s + rf m a n - ie nsmr a r . (A.3) 

The vectors in the spinor and tensor notations are related as 

A a$ = (a m ) a$ A m , d a , = (a m ) a ,d m . (A.4) 

The same correspondence for the Maxwell field strengths is presented by the relations 

= J(^"-^)K„- (A.5) 

1 1 

H = l (d»)M(o m )&F mn = --(d m a»-a»a m )lF^ 

= -l(° m ° n -° n ° m )iF- n , (A.6) 
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where 



1 1 % ~ 

F = d A - d A F = -e F rs F + = -F + -F (A 7) 

- 1 mn ^m^-n ^n-^mi - 1 mn ^ m nrs ' mn ^ mn 2 mn ' 

~ 1 i ~ ~ 

F + mn = ~iF mn , F mn = —F mn — —F mn , F mn = iF mn . (A. 8) 

Thus, F aj 3 is the equivalent bispinor notation for the self-dual tensor field F+ n , and F^ 
amounts to the anti-self-dual tensor F~ n . 

The scalar variables in the spinor formalism are related to the analogous variables in 
the tensor formalism as 

t + iz= \f + ™F+ u , 

t-iz= \F—F- n , (A.9) 

= \{<P + <P), z= 1 -F mn F mn = ±(p-p), (A.10) 

%, ^- = -d t + -d z . (A.ll) 
' dp 2 2 y 1 
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<p = 


■ F ati F afi = 


p = 


^ F /, ] F n ) = 






t = 


^ ± mn 


d 




dtp 


= 2 dt ~2 



The bispinor and tensor representations of the dual field strengths appearing in the 
nonlinear equations of motion are related as 

P£(F) = l(v m * n -* n <T m r a Gt in , Pi^-l(^ n -a n a m )iG- n , (A.12) 

G mn G mn i %G mn , G mn 2 — j^ m ~ i G mn &mnrs~^p j (A. 13) 

where we employed the Lagrange derivatives. 

The similar relations are valid for the auxiliary fields 

V£ = \{° m v n - ° n v m tVL , V£ = - l -{a m a n - a n a m ) {v^ . (A.14) 
The complex auxiliary tensorial fields V^ n are expressed through the real fields as 

^mn Vmn ^^Ann j ^mn Knn 'Kin > (A. 15) 

Vmn = ~Vmn j ^""Knn = — "^"""^run • (A. 16) 

The scalar variable v can be represented as 

v = V af) V a p=v+iw, v = ^V mn V mn , w = ^V mn V mn , (A.17) 
d v = ^d v -~d w . (A.18) 

The real tensor and scalar fields just introduced have the following 0(2) transformation 
laws 

StjVmn — uVmn > ^uMmn = —uV mn , (A. 19) 

5 w v = 2uw , 5 u w = —2cuv . (A. 20) 

In the tensorial notations our basic 0(2) invariant variable a is reduced to 

a = vv = v 2 + w 2 . (A. 21) 

The one-to-one correspondence between the specific variables used in [T7J [18j [19] and 
our variables in the tensor notation is as follows □: 

T = F — iG = F — 2iV + iF , f = F — iG = F + 2iV — iF , 

T* = F + iG = F + 2iV — iF , f* = F - 2iV + iF , (A.22) 

5JT = iuT , 5JT = icof , 5 U T* = -iuT* , 5JT* = -icof* . (A.23) 



^Sometimes, for brevity, we omit the antisymmetric tensor indices. 
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Here Eqs. (1A.29j) and (1A.30j) were used. The relations between self-dual (and anti-self-dual) 
parts of these two sets of complex variables can be collected as 

T + = ~(T + if) — (F — V) + i(F -V) = 2F + - 2V + , (A.24) 

T- = -{T-if) = V-iV = 2V~, (A.25) 

T* + = T + = (T-)* = -(T* + if*) = V + iV = 2V + , (A.26) 

T*~ =f- = {T + Y = -(T* — if*) — F — iF — V + iV — 2F~ - 2V~ . (A.27) 

Being cast in the tensor notations, our Lagrangian f)2.10p becomes: 

C(F, V) = --F mn F mn + hy mn - F mn )(V mn - V mn ) + S(v 2 + w 2 ) 

= -i[(F+) 2 + (F-) 2 ] + - F + ) 2 + {V- - F-) 2 ] + £(v 2 + w 2 ) (A.28) 

and v 2 + w 2 = \{V + ) 2 {V~) 2 . The dual nonlinear field strength G mn is expressed through 
our variables as 

G mn (F, V) = 2 dC ^ F ^> — (F — 2V) mn . (A.29) 

ran 

Applying the tilde operation to both sides of this equality yields 

G mn {F, V) = (2V - F) mn . (A.30) 
In terms of self-dual components, the same relations read 

G + = -{G + iG) = iF + - 2iV + , V + = -(F + + iG + ) , 

G~ = -(G — iG) = —iF~ + 2iV~ , V~ = ^{F~ - iG~) . (A.31) 

The auxiliary equations of our formalism ( 12. 17ft are completely equivalent to the 
"twisted nonlinear self-duality condition" of Refs. [171 [18] . 
The tensor version of our algebraic equation reads 

(F + ~ y + Un = §^ = \vL{V~f£ a • (A.32) 

After passing to the T-tensor notation by Eqs. (IA.25j) . (IA.26j) . the same equation is 
rewritten as 

T L = = \{T+) mn (T-?S a , a = \(V+) 2 (V-) 2 = ^(T + ) 2 (T-) 2 , (A.33) 

that precisely coincides with the general twisted self-duality condition. Our interaction 
function £ proves to be identical to the "deformation function" used in jT8j [19]. The 
general case with derivatives on the Maxwell field strengths corresponds to passing to the 
Lagrange derivatives in (IA.32I) and (IA.33I) . 
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B. Schrodinger constraint and BI theory 



Similarly to j2j [18] , we consider here the Schrodinger type [24] nonlinear constraints 

T, rprsrp rp rprsrp -L^T" 1 * (rprsrp \2 /"O -I \ 

O 

The contraction of this condition with T mn yields the NGZ self-duality constraint 

1 mn — - t ^mn + Lr Lr mn — U l-D.ZJ 



for both signs in the right-hand side of ( IB. II) . 



For defmiteness we choose the sign minus and, using the relations from the Appendix 
A, equivalently rewrite ( IB. II) in the bispinor notations as the two conditions 

2(F - V) aP V 2 = V afS [V 2 — (F — V) 2 } 2 , 

W^iF - V) 2 = (F — V)^[V 2 — (F — V) 2 } 2 . (B.3) 

Now we substitute the twisted self-duality equation ( ]A.32j) in its spinorial form ( I2.26P into 
these constraints and find that the latter imply the following equation for the auxiliary 
interaction 

2S a = [1 - aS 2 } 2 . (B.4) 

This equation is greatly simplified in terms of the variable b and the interaction 1(b) 
defined in (|2T36|) : 

It is recognized as the interaction defining the BI theory. 

The sign plus in the constraint (IB. 1[) corresponds to the "twisted" solution E(a) — > 
—E(a) which amounts to the choice of the opposite sign of the BI coupling constant, 
f 2 — > —f 2 . These two options exhaust all possible solutions of the constraints ( IB.ip . 



C. Manifestly duality- invariant action with auxiliary 
fields 

It is known that the duality-invariant systems admit an alternative description in which 
the 0(2) duality symmetry becomes manifest at cost of loosing the manifest Lorentz sym- 
metry (see, e.g., [HI |20]jj. Here we demonstrate that the formulation with the auxiliary 
tensorial fields can also be rearranged in a similar way. 

4 Both symmetries can be made explicit after introducing some additional gauge degrees of freedom 
[10]; here we do not touch this type of theories. 
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We start by introducing the 3D notations for the Maxwell field strength F mn (A) = 
d m A n — d n A m and the auxiliary fields V mn \ 

E k (A) := F ok (A) = d A k - d k A , e m B } := F kl (A) = d k A t - d t A k , 

E k = B k , B k = —E k , F k i = —E k ijEj , (C.l) 

Vk '■= Vok , £ kijUj := V k i , (C.2) 

where k, I — 1, 2, 3 . In the new setting, the scalar combinations of the auxiliary fields are 
rewritten as 

v = v + i w = ^U k U k - ^V k V k - iV k U k , (C.3) 
a(V, U) = v 2 + w 2 = i(tW*) 2 + \{VMf - |(tWi) (W) + (Wi) 2 ■ (C4) 

Next, we introduce one more gauge potential A' m , as well as an extra independent aux- 
iliary field N mn = —N nm , and rewrite our Lagrangian (I2.10p with E^v, v) = £(a) in the 
equivalent form: 

C(F, V, A, B) = \F mn F mn - F mn V mn + l -V mn V mn - \e mnrs N mn Fl s + £{v 2 + w 2 ) ,(C5) 

where F mn = N mn + F mn (A) and F' rs = d r A' s — d s A' r . The field A' m serves as the Lagrange 
multiplier producing the Bianchi identity for N mn , which can be solved as N mn = d m C n — 
d n C m . Then F mn = d m (C n + A n ) — d n {C m + A m ), which takes us back to the original 
Lagrangian (12.101) . 

On the other hand, following [TT], we can keep both gauge fields in the Lagrangian 
(IC.5I) . in which case it displays the new vectorial gauge symmetry 

$N mn = d m \ n — d n X m , SA m = —\ m . (C.6) 

We can make use of this gauge freedom to fix the magnetic non-covariant gauge 

iV ofc = 0. (C.7) 

It leaves us with N k i = £ k ijNj and implies 

l -N mn N mn = N k N k , N mn V rnn = 2N k U k , l -N mn F' mn = -N k E' k , l -N mn F mn = N k B k . 

In the gauge (1C.7I) . the bilinear part of our Lagrangian reads: 

C 2 (N,V,U,A,A') = ^N k N k -N k (2U k -B k -E' k )-^E k E k + ]^B k B k 

+ 2E k V k - 2B k U k - V k V k + U k U k . (C.8) 

After eliminating the auxiliary field N k by the equation of motion, 

N k = 2U k - B k - E' k , (C.9) 
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the whole 0(2) invariant Lagrangian with two gauge potentials and the auxiliary fields 
V k , Uk is finally written as 

C(A,A',V,U) = - l -E k E k - l -E' k E' k + B k E' k + 2E k V k + 2U k E' k 

- V k V k - U k U k + S[a(V, U)] . (CIO) 

The 0(2) duality transformations are realized on these fields as 

8 u V k = uU k , 5 u U k = -uV k , 

S u E k = uE' k , 5 u E' k = -uE k , 5 w B k = uB' k , 8 w B' k = -uB k . (C.ll) 
Then, using the relations 

E k B k = -- A F mn (A)F mn (A) = div, E' k B' k = ~F mn (A')F mn (A) = div, 

we prove the 0(2) invariance of the non-covariant action 

5S = J d 4 x5L(A, A', V,U)=co J d 4 x(E' k B' k - E k B k ) = . (C.12) 

The twisted self-duality equations have the following form in this formalism: 

V k = E k + -SaiV^VM) - (UtUi)} + 2f4(W/)} , (C.13) 
U k = E' k + ^SaiU^UiUi) - (VM)] + 2V k (V l U l )} , (C.14) 

£a = ^ + e 2« + • • • • 

These algebraic equations can be solved perturbatively in terms of the fields strengths E k 
and E' k . To the lowest order: 

V k = E k + ^{E k [(EiEi) - (E[E[)} + 2E' k (E l E[)} + 0(E 5 ) , (C.15) 
U k = E' k + l -{E' k [(E[E[) - (E t E t )] + 2E k (E l E[)} + 0(E 5 ) . (C.16) 

After substituting these expressions back into (IC.lOjl . we obtain the manifestly self-dual 
Lagrangian as a function of the 3D field strengths 

L sd (A, A') = ^E k E k + ^E' k E' k + B k E' k + ^(E k E k ) 2 + ^(E' k E' k r 

- l -(E k E k )(E[E[) + \(E k E' k f + .... (C.17) 

The magnetic version of the manifestly 0(2) invariant action can be obtained through 
the discrete duality transformation of both fields E — )■ B, B — > —E. 
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